In this note we review some results on localization and related properties for random Schrödinger operators arising in aperiodic media. These include the Anderson model associated to disordered quasycrystals and also the so-called Delone operators, operators associated to deterministic aperiodic structures.
Introduction
Disordered quantum systems has been an intensive field of research since the ground-breaking work of P. W. Anderson in the late 1950s [1] . This was the first description of the absence of electron propagation in crystals with impurities, a phenomenon known as Anderson localization. Since the late 1970s, mathematical-physicists have devoted efforts to establish a rigourous framework to describe localization, initiating the theory of random Schrödinger operators. By now, the effect of disorder on the wave propagation in materials is to a large extent well understood, both in the classical and quantum settings, see e.g. [11] and [5] , where localization appears whenever randomness is present. In the quest for understanding the robustness of localization, it is natural to consider models that differ from the disordered crystals studied in the literature, the so-called Anderson model.
In this note, we are interested in random quantum systems with underlying aperiodic structures. Aperiodic media is characterized by a lack of translation invariance in its atomic structure. Quasicrystals are a particular example of aperiodic media that lacks periodicity, but that exhibit instead some long range order, which justifies their name. Such materials have fascinated the mathematics and physics community since their discovery in 1982 by D. Shechtman. In [22] the authors showed for the first time that aperiodic structures, some of which thought to exist only theoretically, could be observed in physical experiments. This breakthrough gave an additional motivation to the study of aperiodic order, a field that was already present earlier in the literature, with for example, the notion of almost-periodic functions, or Penrose tilings. For references and more details on the discovery and state of the art of aperiodic order, see [2] . We now introduce some notation. Let d ě 1 be the space dimension and Λ L pxq :"ˆd j"1 px j´L {2, x j`L {2q be the open cube in R d of side-length L ą 0 centered at x " px 1 , . . . , x d q P R d .
uniformly discrete, i.e. there exist a real r ą 0 such thatˇˇD X Λ r pxqˇˇď 1 for every x P R d , and (ii) it is relatively dense, i.e. there exists a real R ě r such thatˇˇD X Λ R pxqˇˇě 1 for every x P R d . Here, |¨| stands for the cardinality of a set.
Particular examples of Delone sets are the lattice Z d , the vertices of a Penrose tiling or the random point set obtained from removing every other point of Z by a Bernoulli percolation process.
Next, we consider we consider a Schrödinger operator with a potential that encodes the interaction between the electron and the aperiodic environment. Throughout the text we will focus on the continuous case L 2 pR d q. For the discrete case, we refer the reader to [ 
with dense domain in the Hilbert space L 2 pR d q verifying: i) The background operator is either the negative Laplacian H 0 :"´∆ or H 0 :"´∆`V 0 with V 0 a non-negative, bounded, measurable potential. ii) The random potential is given by
with u a non-negative, continuous single-site potential, with compact support such that the supports of up¨´γq do not overlap. The (canonically realized) random variables ω :" pω γ q γPD are i.i.d., distributed according to the probability measure P 0 with compact support A Ă R. We assume that 0 P A, and denote the product probability space Ω D :" Ś D A, with probability measure P D . We denote by E D the expectation with respect to P D .
The particular case D " Z d defines the usual alloy-type Anderson model associated to disordered crystals, while the case of arbitrary Delone set D models disordered aperiodic media. If we assume certain conditions on D to reflect long range order, then (1.1) is the operator associated to a disordered quasicrystal.
In d " 2, we also allow for H D ω to be the random Landau Hamiltonian given by
with constant magnetic field B ą 0, vector potential A :" B 2 px 2 ,´x 1 q in the symmetric gauge, and V D ω as in (1.2) (for details on the magnetic case and definitions, see [18] ).
In the rest of this note we will review some particular results on disordered quasicrystals. On one hand, we will see that the lack of translation invariance has strong consequences in the ergodic properties of the model, but that quasicrystals and crystals share the same features due to the kind of long-range order they exhibit. This might not be necessarily the case for more general aperiodic media. On the other hand, we will see that in arbitrary aperiodic media, disorder still produces localization, and that actually localization is insensitive to the underlying configuration of atoms, as long as it homogeneous, in the sense of a Delone set configuration. This implies in particular localization for disordered quasicrystals. Finally, we will see how the results on Delone-Anderson models can be applied to study the existence of Delone sets for which the associated Schrödinger operators 4) exhibit localization at the bottom of their spectrum. The theory of (disordered) aperiodic media is a rich field that combines approaches coming from diverse disciplines, like dynamical system, spectral theory, or operator algebras. In this note we focus on an approach that exploits the many developments that the theory of random Schrödinger operators has seen in recent years.
Ergodic properties of random Delone operators
Ergodicity is a property of random Schrödinger operators with farreaching consequences in describing almost-sure properties. In the case of the Anderson model D " Z d , ergodicity is a consequence of the underlying periodic lattice structure of the potential and the iid nature of the random coupling constants. This implies that there exist measure-preserving ergodic transformations tτ a u aPZ d on Ω Z d and a family of unitary translation operators tU a u aPZ d acting on L 2 pR d q such that the following covariance relation holds
for every a P Z d . This property implies, in particular, that the spectrum σpH pZ d q ω q of the elements of the family pH pZ d q ω q ωPΩ is deterministic, i.e., that there exists as set Σ Ă R such that Σ " σpH pZ d q ω q for P Z d -a.e. ω P Ω, see e.g. [8, 17] . This makes the statements on almost-sure localization meaningful, in the sense that the results are obtained for almost every operator in the family in a region of energies that is inside the spectrum, almost-surely. Ergodicity also allows for the application of ergodic theorems to show the existence of the integrated density of states (IDS), a function that is of especial interest in the proofs of localization.
In the aperiodic case, the lack of translation invariance of D yields a break of ergodicity, loosing (2.1). Despite this, we can still study the ergodic properties of Delone-Anderson operators, relying on some geometric properties of the underlying Delone set instead of its periodicity. The long range-order in Delone sets can be expressed by the repetition of patterns in the set. A pattern is any set of the form K X D, with K Ă a compact set. The following notion is a sufficient condition for an aperiodic set D to have the same ergodic properties as the periodic case D " Z d .
converges uniformly in x P R d as L Ñ 8. Moreover, we say that D has strictly positive uniform pattern frequencies (spUPF) if this limit is strictly positive.
With the spUPF property, the condition 0 P A on the probability distribution of the random variables in our model is enough to imply that
This can be seen by using a Weyl-sequence argument, but replaces translation invariance by pattern repetition, see e.g. [20, Theorem 2.10]. While (2.3) is enough to show the existence of deterministic spectrum in the case H 0 "´∆ in Definition (1.2), this is not enough to obtain a meaningful statement in the magnetic case (1.3). This motivates the search for other ways to show the existence of a deterministic spectrum, which was done in [6] via the integrated density of states. Note that if for x P R d we define conveniently translated sets x`D " tγ`x, γ P Du and for D ω " tpγ, ω γ q, γ P D, ω γ P Au in such a way that x`D ω " px`Dq τxpωq , we see that
with which we retrieve the covariance condition from (2.1). This observation can be made rigorous, and is a consequence of ergodicity in the framework of operators associated to randomly colored Delone sets [15] . There is a vast literature on Delone sets from the perspective of the set of all possible translations of D, which generates the so-called Delone dynamical systems. It is the dynamical aspects of Delone sets that justify the requirement for the spUPF in our setting. For more details, see e.g. [9, 13, 2] and references therein.
We can now introduce the finite-volume IDS, defined for a Delone set D as
5)
where χ s´8,Es pHq denotes the spectral projection of an operator H on the interval s´8, Es, and χ Λ L pxq is the characteristic function of the cube Λ L pxq.
The following is a particular case of the more general [6, Corollary 2.8]. This special case is valid for operators associated to quasicrystals with impurities.
Theorem 2.2 (Existence of the IDS and a.s. spectrum). Let D be a Delone set satisfying the spUPF property, and let either H D ω "´∆`V D ω be given in (1.1), or H D ω given in (1.3) . Then there exists a right-continuous nondecreasing function ν D , called the integrated density of states, such that for every
for every continuity point of ν D .
This theorem yields in particular that the spectrum σpH D ω q is deterministic, see [6] . The idea of the proof is to enlarge the space of parameters Ω D to the randomly colored convex hull of D, that is defined by the closurê X D of all translates of D ω " tpγ, ω γ q, γ P D, ω γ P Au. Then we study the family of operators pH P ω q P ω PX D . In this setting we can use appropriate ergodic theorems obtained in [15] to show the existence of the limit of the finite-volume IDS for almost every element P ω PX D with respect to some probability measureμ defined onX D . The strictly positive uniform pattern frequency property ensures que unique ergodicity of X D , which allows to remove theμ-exceptional set in the results. The statements then holds for all P PX D and ω P Ω P including the original Delone set D we are interested in. See [6, Section 2] for definitions and details.
Once the existence of the IDS has been shown, the next step is to study its behavior near the spectral gaps. For the case of H 0 "´∆, we state a particular case of [6, Theorem 3.1], Theorem 2.3 (Lifshitz tails ). Let D be a Delone set satisfying the spUPF and let H D ω "´∆`V D ω be given in (1.1) Assume, moreover, that the probability measure P 0 is absolutely continuous with a regular enough probability density. Then, the IDS exhibits a Lifshitz tail at the bottom of the spectrum, i.e.,
The proof relies on an averaged version of the Dirichlet-Neumann bracketing over the dynamical system generated by the set D.
Localization for random Delone operators
Definition 3.1. We say that the operator H D ω exhibits dynamical localization in an interval I in its almost-sure spectrum if, for all p ě 0 and any initially localized function ϕ 0 P L 2 pR d q, the following holds
where |X| is the multiplication operator defined by |X| ϕpxq " a 1`}x} 2 ϕpxq, and }¨} 2 denotes the Hilbert-Schmidt norm.
Dynamical localization (Anderson localization according to physicists), implies in particular pure point spectrum and exponentially decaying eigenfunctions (Anderson localization according to mathematicians). The unfortunate choice of terms is due to historical reasons, which might lead to some confusion when the mathematics and physics literature is compared. In this note we have intentionally avoided adjectives to the term localization.
Localization for Delone-Anderson operators in the continuous setting has been shown in the literature using both the Fractional Moment Method (FMM) [4] and the Multiscale Analysis (MSA), see e.g. [18, 6, 16] . In [18] it was shown that the MSA is insensitive to perturbations of the underlying array of atoms, as long as it is homogeneous in the sense of being a Delone set. The advantage of the MSA is that allows for singular probability measures, like Bernoulli, a fact that was used in a crucial way to study purely (deterministic) aperiodic media, as we will see in the next section.
We consider the restriction H D ω ,x,L of the operator H D ω to the cube Λ L pxq with Dirichlet boundary conditions. The MSA is an induction procedure which aims to show the decay of the finite-volume resolvent operator of H D ω over a sequence of cubes of scales pL k q kPN that grows to infinity. The main ingredients of the MSA (ii) The induction step: to show that if the finite-volume resolvent decays exponentially between distant points at a certain scale L k with a good probability, then this is also true at scale L k`1 . This argument relies on Wegner estimates or similar, and on the geometric resolvent inequality. (i) The initial length scale estimate (ILSE): the existence of an initial length scale L 0 for which the finite-volume resolvent decays exponentially between distant points in space, with good probability. This often relies on the existence of a spectral gap between the first eigenvalue of H D ω ,x,L and the spectral infimum of H D ω , and on the Combes-Thomas estimate. The former can be obtained from Lifshitz tails, if this is available. Here, by good probability we mean a probability that is algebraically close to one in the scale. One we have piq and piiq, we can apply the MSA which we know to hold in the aperiodic setting [18, 16] and this yields localization at an interval near the spectral infimum. For a Delone-Anderson operator localization holds without any conditions on the pattern frequencies of the Delone set. The following was shown in [7, 10, 6, 16] with different degrees of regularity of the probability distribution P 0 . Theorem 3.2 (Localization for Delone-Anderson model). Let D be a Delone set and let H D ω "´∆`V D ω be given in (1.1). Then, there exists an energy E˚such that the operator H D ω exhibits localization in the interval r0, E˚s for almost every ω P Ω D .
The proof can be obtained in several ways, which differ in the proof of the ILSE and the version of the MSA used. In [7] , this relies on a space averaging and one can allow for arbitrary non-degenerate probability distribution, however the assumption H 0 "´∆ is necessary. In [6] the ILSE relies on averaged bounds on the IDS, of the type Theorem 2.3 but that do not require any condition on the Delone set D. This requires, however, that the probability measure P 0 is absolutely continuous with bounded and continuous probability density. The proofs in [10, 16] rely on unique continuation principles and allow for H 0 "´∆`V 0 with V 0 a background deterministic potential, see below. The results on localization stated above rely either on the random variables being regular enough or in the absence of background deterministic potentials. In order to prove localization for the Delone-Anderson model in the case of Bernoulli random variables with a bounded background potential V 0 ‰ 0 in Definition 1.2, the following quantitative version of the unique continuation principle turns out to be crucial. Here, }ψ} 2 Λspγq denotes the norm of ψ over the set Λ s pγq. This type of estimates, known in the literature for the case D " Z d , were used for the first time to prove localization in the Bernoulli case in the leading-edge work [3] . Here, the main difficulty is to show that C does not depend on the scale L of the cube. In the case of D aperiodic, this was first obtained in [21, Thm. 2.1], followed by [10] . The fact that this estimate is still valid in the aperiodic case, raises the question of its validity for more general geometric domains S, other than cubes Λ L pxq. One might also ask if the constant C depends on the geometry of the basic tiles forming the region S. Such a result would not only be interesting from the point of view of random operators with underlying Delone structures, but would allow to extend the work done on localization for N -particle random Anderson operators in [12] to the continuous setting. There, the use of cubes defined in a symmetric distance leads to the use of reflected cubes as domains, that form polygons.
We are now ready to formulate our last result on localization for Delone-Anderson models, that will appear in [16] and that turns out to be instrumental in the study of purely aperiodic media. Let D and D 1 be two Delone sets, and consider the Delone-Bernoulli operator given by
where the single-site potential u is as in Definition (1.2), with P 0 a Bernoulli distribution satisfying P 0 pω 0 " 0q " β, for some β P p0, 1q. The proof of this theorem also allows for operators of the form H ω " ∆`V 0`VD 1ω with arbitrary non-degenerate probability distribution P 0 .
Localization for Delone operators
In this section, we state some recent results on localization for purely aperiodic media. We first recall the notion of convergence in the topological space D of Delone sets given in [14, Lemma 3.1]. Definition 4.1. A sequence pD n q of Delone sets converges to D P D in the topology of D if and only if there exists, for any l ą 0, an L ą l such that the discrete sets D n X Λ L p0q converge to D X Λ L p0q with respect to the Hausdorff distance as n tends to infinity.
Given a Delone set of parameters pr, Rq, we define the Delone operator acting on L 2 pR d q by H D :"´∆`V D , The proof consists of associating to H D the following Delone-Anderson operator with Bernoulli random variables: for D, we pick a Delone set D 1 such that D Y D 1 is still a Delone set, and consider the operator H ω " ∆`V D`VD 1ω given by (3.3) . From Theorem 3.4 we obtain a family of configurationsΩ Ă Ω D 1 of full probability measure, such that operators of the form H ω with ω PΩ approximate H D in the sense of Definition 4.1 and exhibit localization at the bottom of the spectrum. For details, see [16] .
This result also allows to show, under certain conditions on the potentials V D , V D 1 , that configurations ω associated to localization form a meagre set in the topology of Ω D , a result that was known for more restrictive random potentials in the work of Simon [23] . In this sense, our result complements the ones obtained by D. Lenz and P. Stollmann on the singular continuous spectrum of Delone operators in the continuous setting.
